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Probabilistic population estimation of the size and overlap of
data sets based on date of birth
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SUMMARY

Probabilistic population estimation is a statistical procedure for deriving unduplicated counts of the
number of people represented in data sets that do not include unique person identifiers and the number
of people shared by data sets that do not share personal identifiers. Because the procedure relies on
anonymous data sets, the personal privacy of individuals and the confidentiality of medical records is
protected. This paper describes the mathematics of probabilistic population estimation, and applies the
procedure to an important contemporary public policy issue. Copyright © 2001 John Wiley & Sons,
Ltd.

1. INTRODUCTION

In recent years, the proliferation of electronic databases in conjunction with dramatic ad-
vances in data processing technology have led to increasing concern about the confidentiality
of medical records [1-4]. The nation is engaged in a major public policy debate. This de-
bate involves a classic confrontation of public and private goods [5]. Personal privacy is an
important value in contemporary American society. Regulation in support of personal privacy
and the confidentiality of medical records would certainly receive widespread support if it
did not have the potential to undermine another set of important values. These values favour
rational administration of public programmes and the right of people to be able to make in-
formed choices regarding their health care. Lawmakers and the public health community are
faced with a major public policy dilemma that is the result of the apparent tension between
two contemporary American values. This problem is particularly important in areas where
stigmatizing conditions, such as mental illness, raise the level of sensitivity of people in the
stigmatized group and among members of the general population.

This paper will describe probabilistic population estimation [6]. Probabilistic population
estimation is a statistical procedure for determining the unduplicated number of people repre-
sented in data sets that include multiple records per person but do not include unique person
identifiers. Section 2 of this paper will provide the mathematical derivation of the statistic.
Section 3 will describe a method for using these unduplicated person counts to measure the
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unduplicated number of people who are shared by data sets that do not include unique person
identifiers. Section 4 will present the results of a series of simulation studies that provide
the statistical properties of the estimator. Section 5 will illustrate the use of the estimator in
policy research. In conclusion, Section 6 will discuss the utility of these estimates with regard
to a wide range of health policy issues.

2. MATHEMATIC DERIVATION

Probabilistic population estimation uses a solution to the classical mathematical occupancy
problem (coupon collector problem) to determine the unduplicated number of people repre-
sented in data sets that do not include unique person identifiers. In this paper, the techniques
and results from the study of urn models [7] will be used to provide a theoretical justification
for the technique. This technique provides an alternative to the work of Larsen [8], but differs
in both the theoretical underpinning and in its results. A comparison of the two methods and
their results will be provided.

The solution to the coupon collector problem used in probabilistic population estimation
begins with a decomposition of the problem. This decomposition involves breaking down the
larger question (how many unique individuals are represented in a data set) into a series of
smaller questions for which the mathematical solution is known. In this case, a data set is first
divided into discrete segments that describe individuals who share a year of birth and gender.
Then, using a decomposition argument, the expected total number of individuals needed to fill
a prespecified number of dates of birth is equivalent to the expected number of individuals
needed to fill one date of birth, plus the expected number needed to fill a second date of birth
once the first is filled, plus the expected number necessary to fill a third once the second is
filled etc., until the prespecified number of dates of birth is filled. For birth dates, when a
uniform distribution is assumed, the expected number of individuals is determined by

d 365
Bld)= 2 35—

i=1

where P is the estimate of the population in a distinct gender/year of birth cohort, and d
(which depends on the specific cohort j) is the number of observed birth dates within that
cohort.

The variance of the number of people is determined by

) d (i x 365)
PE@)= L (g5
The total number of people represented in a data set is obtained by summing the population
parameters over all gender/year of birth cohort subsets. These formulae are the basis for the
probabilistic population estimation procedure.

To establish the theoretical derivation of probabilistic population estimation, we begin by
examining the problem of ‘sequential occupancy’ as described by Johnson and Kotz [7] in
their book Urn Models and their Applications. In the language of urn models, let there be
(m) urns and let the probability of a ball landing in an urn be (1/m). Fix in advance a required
number of empty urns (k), and count the number of balls, which we will call N(k), necessary
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to achieve the desired number of empty urns. In this setting, N(k) can be regarded as the
sum of (m — k) random variables, 1, 1,,...,Y,,_, where Y; is equal to the number of balls
needed to place the first ball in the jth new urn once (j — 1) urns already have at least one
ball in each of them. The Y’s are random variables, mutually independent, but not identically
distributed. In this setting, ¥, =1, and Y;, for each j>2 has a geometric distribution, with

m
E(YV)= — *
and the variance estimator
m(j—1)
Yy=_-~ ")
var(Y;) - T 17

Probabilistic population estimation does not fix in advance the number of birthdays that
will be seen (or left empty). Instead the estimate is conditioned on the number of observed
birthdays. In addition, and more importantly, the original intent of the sequential occupancy
problem was to determine the number of balls that were necessary to first place a ball in
the kth urn. In our setting, we know that £ birthdays (urns) have been observed (filled),
however, we do not know that the last record (ball) was the first to fill the kth birthday.
Thus, when we have observed & birthdays, we know that, at a minimum, we are at least one
person shy of seeing the & + 1th birthday. Therefore, when we observe k birthdays, we define
P(k)=N(k+1)—1, where N(k+1) is defined as in the sequential occupancy problem above.
Algebraic simplification and a mathematical change of variables yields the two formulae that
are used for probabilistic population estimation.

As noted earlier, Larsen [8] provided a solution to the problem of the number of unique
individuals in a data set that used a maximum likelihood approach. He applied his solution to
the estimation of the number of people represented in an anonymous chlamydia registry in one
county in Denmark. When the same data are analysed using probabilistic population estimation,
the estimate of the expected number of people was almost identical to Larsen’s estimate
(probabilistic population estimation indicated 1128 people, compared to 1127 in Larsen’s
paper). The similarity in the estimates using the two procedures is not a coincidence. Larsen’s
estimate of the number of individuals in a specific gender/year of birth cohort may be rewritten
as an integral. It may be shown that probabilistic population estimation is the upper Riemann
sum of that integral.

While the population estimates provided by the two methods are very similar, the variances
are very different. The variance estimate provided by Larsen is seven times as large as the
estimate provided by probabilistic population estimation (174 for probabilistic population es-
timation compared to Larsen’s 1298). The 95 per cent confidence interval constructed using
Larsen’s method is 2.7 times larger than the confidence interval provided by probabilistic
population estimation.

The smaller confidence intervals associated with probabilistic population estimation are of
value, of course, only if these confidence intervals include the true value. In order to compare
the validity of the confidence intervals provided by probabilistic population estimation with the
confidence intervals provided by Larsen’s probabilistic computations, a data set that describes
all people discharged from New York State Office of Mental Health facilities between 1993
and 1995 was analysed. This data set includes multiple records for some people, but it does
contain a unique person identifier, so the actual number of people represented is known.
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Table 1. Comparison of the coverage percentage of confidence intervals probabilistic
population estimation (PPE) and Larsen’s probabilistic technique.

Technique Level of confidence

95% 90% 80%
PPE 94.8% 89.1% 79.8%
Larsen 100% 99.4% 98.4%

Probabilistic population estimation and the method used by Larsen were applied to this data
set for each of the 193 gender/year-of-birth cohorts and confidence intervals associated with
95 per cent, 90 per cent and 80 per cent confidence were constructed. Table I shows the
proportion of the 193 cohorts in which the specified confidence interval included the actual
number of people.

The results of this analysis clearly demonstrate that Larsen’s procedure produces confidence
intervals that substantially overstate the uncertainty of the estimate. Larsen’s confidence inter-
vals included the actual population size much more frequently than specified, indicating that
the confidence intervals are not accurate. The confidence intervals provided by probabilistic
population estimation included the actual population size at almost exactly the specified level
of confidence.

3. CASELOAD OVERLAP

To probabilistically determine the number of people shared across data sets that do not include
a common person identifier, the sizes of three populations are determined, and the results
are compared. First, the number of people represented in each of the original data sets is
determined. Second, the two data sets are combined (concatenated), and the number of unique
individuals represented in the combined data set is determined.

The number of people who are shared by the two data sets is the difference between the
sum of the numbers of people represented in the two original data sets and the number of
people represented in the combined data set. In terms of mathematical set theory [9], the size
of the intersection of two sets (4N B) is the difference between the sum of the sizes of the
two sets (4 + B) and the size of the union of the two sets (4 UB):

n(ANB)=n(4)+n(B) —n(AUB)

where n(-) is the number of unique individuals included in a data set. The size of the two
original data sets and the size of the union of the two may be obtained using the probabilistic
procedure described in Section 2. Because some of the terms in the union of 4 and B are
also included in the size of the larger data set, the variance estimator will be substantially
smaller than would otherwise be the case. (For a more detailed discussion of the mathematical
derivation of this statistical procedure, see Banks and Pandiani [10].)

One verification study included a comparison of the probabilistically predicted population
size and overlap of the caseloads of the Vermont State Hospital and Vermont Correctional
Facilities to actual parameters for 1989 to 1995 [11]. The confidence intervals for both pop-
ulations were less than two per cent (plus or minus) of the point estimate for every year.
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Table II. Vermont Correctional Facilities and Vermont State Hospital caseload size
and overlap: 1989-1995.

Year Correctional Facilities State Hospital Both

(Estimated) (Actual) (Estimated)  (Actual)  (Estimated)  (Actual)

1995 5240 £70 5282 324 £3 323 73 £ 14 65
1994 4947 £ 68 4931 335+3 333 71 +15 62
1993 4971 £69 4959 313 £3 311 5715 58
1992 4878 £ 69 4866 390 +4 389 65+ 16 61
1991 4819 £ 70 4806 408 £4 407 74 £ 16 78
1990 4744 £ 69 4716 454 £ 4 455 91£19 90
1989 4416 £ 67 4395 521+5 524 121 £ 17 100

All 14 of the actual population size parameters were included by the 95 per cent confidence
intervals. The confidence intervals for the overlap estimates were somewhat larger (between
15 per cent and 20 per cent) and six of the seven actual population overlap parameters were
included by the confidence intervals. The results of this verification are presented in Table II.

4. RESULTS OF A SERIES OF STUDIES

A large number of simulation studies have been conducted to provide information on the
statistical properties of the estimator. Simulation studies have focused on the impact of three
factors on the accuracy of the estimates. These factors include population size, the amount of
overlap between population, and the uniformity of dates of birth in the population.

The formal derivation of probabilistic population estimation assumes that dates of birth are
uniformly distributed across a year. The distribution of dates of birth has been investigated by
Nunnikhoven [12] using 10 years of vital records data for the United States. He found very
small departures from the uniformity in dates of birth. This small departure from uniformity
actually tends to decrease the bias associated with probabilistic population estimation as will
be seen below.

Numerous simulation studies of the effect of variation in uniformity on the bias associated
with the probabilistic estimates have been performed. Simulations have been conducted under
conditions in which the distribution of dates of birth are uniform and where they depart from
uniformity. The non-uniform condition that was modelled had the distribution of dates of birth
exceed the uniform by 5 per cent for half of the year and set the distribution to be 5 per cent
less than the uniform for the other half of the year. Each point on the graph of the results of
these simulation studies, shown in Figure 1, represents a minimum of 9000 simulations, and
some represent more than 60000 simulations.

When the dates of birth are uniform, probabilistic population estimation always has a small
positive bias (approximately 0.5 per cent) across most of the range of the 365 potential
birthdays. The bias is larger when more than 90 per cent of the dates of birth are filled.
However, when dates of birth deviate from uniformity, probabilistic population estimation
becomes less biased, and includes examples of both negative and positive bias over the range
of observed dates of birth.
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Figure 1. Validity of population size estimates for uniform and non-uniform distributions of birthdays.
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Figure 2. Validity of population overlap estimate for uniform distribution.

The simulation studies for population overlap are somewhat more complex, as they may
be influenced by the size of both data sets and by the amount of overlap. For the simula-
tion studies of population overlap described here, one data set was fixed at 60 individuals.
The size of the second data set was varied from 60 to 150, 300 and 600. The size of the
overlap in the simulations was varied from 0 to 5,10,15,20,30,40,50 and all 60 individuals.
Figure 2 presents the results of the simulations for uniformly distributed dates of birth, and
Figure 3 presents the results of the simulations for non-uniformly distributed dates of birth.
Little bias is observed across the range of potential overlap for either the uniform or the
non-uniform condition. In this demonstration and in numerous other simulation studies, proba-
bilistic population estimation has produced reliable and valid estimates of population overlap,
and these estimates improve when there is a slight departure from uniformity in dates of
birth.

These simulations indicate that probabilistic population estimation yields little or no system-
atic bias in the production of point estimates for either population size or population overlap.
These simulations also demonstrate that the 95 per cent confidence intervals have appropriate
coverage.
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Figure 3. Validity of population overlap estimate for non-uniform distribution.

5. THE ESTIMATOR IN POLICY RESEARCH

For purposes of illustration the process and results of applying these analytic tools to a cur-
rent public health policy concern will be described. For more than 30 years, public policy in
the United States has favoured the reduction of state psychiatric hospital populations and the
development of community alternatives. This policy has raised concern about the care of the
people who would have been served in state hospitals. This concern is frequently based on
the expectation that the care and custody of these people is being transferred to other in-
stitutions that are less able to provide appropriate services. The two institutions most often
mentioned as possible destinations for discharged or diverted patients are correctional facilities
[13] and local general hospitals [14]. This idea that one institutional setting may serve as a
substitute for another may be referred to as the hypothesis of ‘transinstitutionalization’.

This application of the method of probabilistic population estimation will focus on the
degree to which discharged state hospital patients utilized alternative institutions by measuring
rates of incarceration and hospitalization after state hospitalization in 17 up-state New York
counties. The subjects of this study are 638 adults (446 men and 192 women) who had an
episode of state hospitalization in one of 17 up-state New York counties during 1995. Data
sets that included the date of birth and gender and a service system specific person identifier
for all state hospital patients in these counties were obtained from the New York Office of
Mental Health.

In order to determine the rates of incarceration of members of this state hospital cohort, data
sets that included the date of birth and gender of all adults who had been incarcerated in local
jails in these counties during 1996 were obtained from the county correctional authorities. In
order to determine rates of hospitalization for psychiatric treatment in local general hospitals,
similar data sets were obtained from the New York State Department of Health.

Because of the substantial differences between men and women in rates of incarceration and
rates of psychiatric treatment in general hospitals, all analyses were conducted separately for
the two genders. For purposes of comparison, the incarceration rate and the hospitalization rate
for the general population of these 17 counties were determined by dividing the number of
people served in each of these sectors by the total adult population of the regions. These rates
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Figure 4. Rates of incarceration (w/95 per cent CI) during year of state hospitalization and during
year after state hospitalization.

are used for comparison with the rates of incarceration and hospitalization of state hospital
patients.

People who spent time in state hospitals in New York State were substantially more likely
than members of the general population to have spent time in local jails and general hospitals
(all p<0.001). Men who had spent time in a state hospital were more than seven times as
likely as other men to be incarcerated and more than 21 times as likely to be hospitalized.
Women who had spent time in a state hospital were more than 12 times as likely as other
women to be incarcerated and more than 80 times as likely to be hospitalized.

For people who had spent time in a state psychiatric hospital during the study period,
rates of incarceration were significantly lower (both p<0.05) during the year after state
hospitalization than during the year in which an episode of state hospitalization had occurred.
This pattern was evident for both men and women. Men were more likely than women to be
incarcerated (p <0.01) during both time periods (Figure 4).

Rates of hospitalization in alternative inpatient settings for people who had spent time in a
state psychiatric hospital were also significantly lower during the year after state hospitalization
than during the year in which an episode of state hospitalization had occurred (p <0.001).
This pattern was evident for both men and women. Women were more likely than men to
receive psychiatric services in local general hospitals (p<0.01) during both time periods
(Figure 5).

Copyright © 2001 John Wiley & Sons, Ltd. Statist. Med. 2001; 20:1421-1430



PROBABILISTIC POPULATION ESTIMATION 1429

50%

40% 1
=
& [
E [ )y (N NN PTTRSETRER— T———
3 J_
7]
o T

 §

E 20\1,6 St Pirirtrirthor W -
©
o

10% [ - l ......................................

0%

Men Women
ODuring Year of... O During Year After...

Figure 5. Hospitalization in other settings (w/95 per cent CI) during year of state hospitalization and
during year after state hospitalization.

6. CONCLUSION

This paper has provided a summary description of the mathematical derivation of probabilistic
population estimation, a useful tool for addressing many contemporary public health issues.
The simulation studies demonstrate that the method produces valid and reliable estimates
across a wide range of conditions using only two variables (date of birth and gender). This
tool will be increasingly useful, as comprehensive data sets become more widely available in
both public and private sector settings.

This tool will be particularly valuable as increasing concerns about personal privacy and
the confidentiality of medical records lead to increasing limitation on access to data sets
that include personally identifiable information. In the application described in this paper, an
important public policy issue that involved a particularly sensitive population was addressed
without any threat to personal privacy. This methodology has also been used to evaluate the
efficacy of substance abuse treatment programs [5], compare clinical outcomes of groups who
were treated under differing protocols [15] and to measure the treated prevalence of a disorder
in a statewide population [6]. In the future this methodology should prove to be useful for
research on the distribution and outcomes of disorders where confidentiality and privacy are
considered to be especially important, such as is the case with HIV and AIDS.
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